APPENDIX C Spatial Discetization

C.1Inviscid Fluxes

The spatial devatives of the covectve and pressure terms are written coresamly
as a flux balance across a cell as, i@neple,

(3:F) = F 1-F 1 CEY

2 2

where thei index denotes a cell-center location and1/2 corresponds to a cell-inter-
face location. The inteate flux is determined from a statrable interpolation and a
locally one-dimensional flux model.oF flux-vector splitting (FVS), Equation (C-1) is
split into forward and backard-maoing pieces as:

(3F); = (8gF +8F ) = [F (a) +F (4R, 1-[F (@) +F (aR)],_1  ©2
2 2

For flux-difference splitting (FDS), the intade flux is written as arxact solution to an
approximate Riemann problem as:

(86F); = 3IF(aD) + FaR) —Ainl(ar-a0] 9
2

_%[ﬁ(ql_) +F(qR) —|'&inv|(QR_qL)]i_}
2

Further details on the FVS and FDS methods arengbelov. In both cases, interpolated
valuesq, andqg at each intedlce are required. The statariable interpolations deter-

mine the resulting accunaof the scheme. Tlyeare constructed from interpolation of the
primitive variables. Br first-order fully-upwind diierencing:

(qL)i+1 = q

(C-4)

(qR)i+1 - qi+1

Higher order accurgds given by the &mily of interpolations:
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1
(qL)i+1 = q; +Z[(1_K)A_+(1+K)A+]i
1 (C-5)
(AR) 5 = Gy =7l(1-K)B, + (14 K)A ],
where
A+Ec1i+1_Qi o
A_=0;—-0_; o

The parametek [ [-1,1] forms a &mily of difference schemesg. = —1 corresponds to
second-order fully-upwind ddérencing,k = 1/3 to third-order upwind-biased ¢kir-
encing, andk = 1 to central diferencing. Note, hwever, that settingk = 1 in CFL3D

will result in odd-@en point decoupling, since there is no artificial dissipation in the code.

Also note that “third order” fok = 1/3 is only obtained for one-dimensionalvie. For
two and three dimensions, the formal order of acguisasecond order

In practice, the gradients of density and pressure are biased grageaalue in
order to impree the rolistness of the calculation at higher Mach numbers and in the early
transient stages of a solution.

A
AP = -
q; + §A+
(C-7)
A
PN —
1
q|_§A—
And,
_ q; b b
(qL)i+1 = q; +Z[(1—K)A_+(1+K)A+]i
? (C-8)

q.
(@R) 1 = Ger=—7 (=B + (14 K)A7;

Note that Equation (C-8) is not performed for the gradient®loicity; this is essentially
an «trapolation of the log of the density and pressure (first-oqeresion).
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C.1.1Flux Limiting

For solutions with discontinuities (such as shoekeg), schemes of order higher than
one generally require a flux limiter tsad numerical oscillations in the solution. CFL3D
has seeral limiter options.

The smooth limiterifim = 1) is implemented via

[l [l
(@) = G+ l(L-KS)A_+(L+KS)A,]0
5 0
(C-9)
Us O
(AR) | = Gis1—[oL(1—KS)A, +(L+KS)A T
'*5 D4 U1
where
20,A_+¢
s = (C-10)

()2 (8 +e

ande is a small numberg(= 1 x 10_6) preventing dvision by zero in rgions of null gra-
dient.

The min-mod limiteriflim = 2) is implemented via

@) 5 = 6+ A=A+ (1+10A.]

1 (C-11)
(qR)i L1 = q; +1_Z[(1_K)A+ +(1+K)A] 41
where
A_ = minmodA_, bA,)
_ (C-12)
+ = minmodA,, bA_)
minmod X, y) = max{ 0, min[x sign(y), bysign(x)]} sign(x) (C-13)

The parameteb is a compression parametbr= (3—-k)/(1—-K).

The smooth limiter tuned te = 1/3 (iflim = 3) is implemented as folis.
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1
(qL)i+1 = q; +§(6|_q)i
1 (C-14)
(QR)Hl = qi+1_'é(6RQ)i+1
where
(0.a); = Hdj+1—9; 9 =9 _1)
(C-15)
(Ora); = Qi —di_q1, A1~ 1)
2 2 2, 2
1(x,y) = X(y" +2€7) + y(2X" +€7) ©-16)

2x% - Xy + 2y2 +3¢?

and| is designed to rewer the state ariable to third-order accunadn the one-dimen-
sional case in smoothg®ens of the flav and interpolate without oscillations near discon-

tinuities. The paramete&r2 is a small constant of ord&x’ which is used to impkee the
accurag near smoothyx@éremum and reduce the nonlinearity of the interpolationgiores
of small gradient.

C.1.2Flux-\ector Splitting

The flux-\ector splitting (FVS) method ofan Lee?® is implemented as foles. The

generalized iwiscid fluesE, G, andH, representing the pressure andvemtion terms,
are upwind difierenced by splitting into forard and backard contrilutions and dfeer-
encing accordinglyFor example, the flux dference in the, direction is

~ A+ A—
EEF = EEF +52F (C-17)
where ég and Bg denote general baclkand and fonard dvided diference operators,

respectrely. For flux-vector splitting,f: is split according to the contrariant Mach num-
ber in the direction, defined as

U
M £ = _5 (C-18)
where
— U
U= — (C-19)
|0E|
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and

U=¢u+ Eyv +E W+ E, (C-20)

For locally supersonic flo, where|M¢| > 1,

Ff'=F F =0 M2+l
. ~ - (C-21)
F =F =0 MES—l
and for locally subsonic fig where|M§| <1,
_Fl_ fmass
F, fasslEx(—U £ 2a)/y +u]
F = 0E| F.l = |0 z (T C-22
J 3 J fmass[EY(_U * Za)/y + V] (C-22)
Fy f o J&(-Uzx2a)/y+w]
Fg f
- - L energy |
where the direction cosines of the cell irdeds are
z EX z E z EZ
Ex = =% &= =% &= == (c-29)
oy Yoy “ 7 |Og]
and
a 2
fmass = i%(ME +1) (C-24)
=2 — 2 2., 2. 20 3
feneray = fmass{(l—y)u 122(y—1)Ua+2a L (u +v2+W )_E_t(_UiZa)} oo
(v -1) Y
and
R &,
&t = =5 (C-26)
‘7 Iog

For an implicit scheme, the Jacobians of the right-hand-side flux terms must be deter-
mined (see AppendiB). They appear as terms in the left-hand-side matrix multiplying

Aqg, and the resulting system of equations iselwith a full 5 by 5 block-tridiagonal
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inversion procedure.df flux-vector splitting, the split flux Jacobians (with respect to the

A

primitive variables) for the, direction, i.e.g—z , are

oF, 1. _
30 = %(Uia)[—l 20+ )}

FIT i'z‘a(u +a)&x
oF _ A
a—vl = iz—il(u +a)éy (c-27)
aFl _ p — o
W = iz—a(U ia)Ez
a_p = 4:2(U ia)[—liz—a(U ia)i|
a_':2:+1(U+ )[ ( U+a)£x+u (U+a)$1D}
ap 4 2ay (pa™ ™~ O
oF _
a—uz = i%(u +a [ B?'EX( Uz+a) +2UD+ (u +a)}
oF _ -~ 13
0_\/2 = i4£a(u +a)é [ EX( U +a)+2u} (C-28)
oF o3&,
=2 = J_ré%l(u ia)Ez[%i((—U + a) +2u}
P2t wsa [Za——( U+a)eyud ¥ (U a) }E
op 4a 0 C
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op

0F:
ou

ov

0F
ow

iz%_(U + a) [éyg%y(— Usa)+2vg+ (Ut a)} (c-29)

ij—i(Ui )[ U _ U+a)£z+w—(U+a)+1D}

2ay

o
Sho
—~~
cl
|+

)&f*% Uxa)+ 2w

I+
i
~
cl

I+
m

)E [?LE‘Z( Uzxa)+ ZW} (C-30)

o
Sho
P
(e
|+

[ Bg‘EZ( Uxa)+2wd+ (U +a)}

iiz(U * a)é.lEZ[Za—%(— Uz a)iyw%l F i(U + a)%}

rr

A2 2
2a”  pg4U 3 O
ia% —+t 57— ——H-Uza)+tu +v +w |[+u(U+a)g
e e e s L) |ru@a)s
(C-31)
.2 = 2 _
a” ,pg4uU  3& 2. 2 = 0
ia% 28 JU%2 S _Jra)+ui+eview +v(U ta)g
S e e e UL | v a0
.2 = - _
a” ., g4uU 3 o 2 2. 2 — 0
ia)% ——t+ a—-——q-Uzxa)+tu +v +w |+w(U xa)[
Dz_y—l [{/+1 y% 1 0
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C.1.3Flux-Difference Splitting

In the flux-diference splitting (FDS) method of Réethe interfice flux in theg
direction is written
E

1 ~ ~ ~
1= 5[F@) + Fag) = |Ain/(ar—ap] 1 c32)
2 2

where Ajqy is A;,, evaluated with Roexgeraged wriables defined belo (A;,, is the

inviscid part of theA matrix defined in AppendiB.) Hence,

|AinV| = |Ainv((~1)| (C-33)
and
d = q(a,.ag
A, = g—g = TAT S = TAY+ AT
(C-34)
A = AN
2
-1
|Ainv| = TINT

The diagonal matrix\ is the matrix of eigaralues ofA;,, T is the matrix of right

eigervectors as columns, ard " is the matrix of left eigerectors as ws. The are all
evaluated at Roevaraged alues such that

F(Qr) -F(Q)) = Ain(Qr-Q)) (c-25)

is satisfied actly. The term|,&im,| (Qr—Q_) can be written
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0y

ua, + &xag + ag

A —|a _ Vo, + Ey0 + o
|Ainv|(QR—QL)=|Ainv|AQ - 4 EAy 5 7 (C-36)
Wol, + &0 + ag
Za,
Hu4+(U Et)a5+ua6+va7+wu8—y—

where
a, = ‘%é ‘U‘%l ApD

A, = %ZD_EUma\(praAU)
2a°1 J

oy = %D_E\\u-mp-wm
2a°1 J

0, = 0, +0a,+0y

N

(C-37)
ag = a(a,—0y)

0l (pau—£,pAD)

0l(pav-£,pa0)

Q
S
I

el e

0| (paw—£,pA0)

Here, the notation ~ denotes the follog Roe-a&eraged ealuations:

CFL3D Users Manual 247



APPENDIX C Spatial Discretization

= JpLPr
. _ U +UpJPR/py
I+ o,
- _ Vi +VRJPr/PL
1+ ./or/PL
_ W+ We/PR/PL (30
1+ /pr/PL
_ HL+HrJ/PR/PL
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O
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|

The termix, éy, éz, ét andU are defined in Sectio®.1.2 and

U= ﬁ(ixﬁ%y\“&zﬁ”ét) 29

For flux-difference splitting, the true Jacobians aqgemsve to compute. Wo alterna-
tives are empiged in CFL3D. When the system of equations iseblwith a full 5 by 5

block-tridiagonal inersion procedureidiag = 0), the follaving approximations for the
left-hand-side flux-dference splitting Jacobians are enygd:

+ 1 ~
(Ainv)H% = §|:(Ainv)i + |Ainv|i+%}

1 B (C-40)
inv)i+% = é[(Ainv)i+1_|AinV|i+%}

(A

Flux-difference splitting also has an option to em@aliagonal approximation for the
left-hand sideifliag = 1). In this method, each of the spatadtbrs is approximated with
a diagonal imersion as

| JoF _ I P ey I |
[E+6E(E}AQ~T[JN+5E/\ +&AT|TAQ (a1

Because of the repeated eigalnes of A, only three scalar tridiagonal LU decomposi-
tions are needed in each direction, resulting in a significaimtgsain run time.
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C.2Viscous Fluxes

The viscous terms, which represent shear stress and heat trafesfts, efre dis-
cretized with second-order centralfdiences. The second detives are treated as fiif-

ences across cell intades of first-devative terms. Hence, in thée direction for @ample,
the viscous terms are discretized as

6E(r:v)i = ('A:v)H;_('A:v)i_; (C-42)
2 2

The termF, is given in Equation (A-8) of Appendi&. Using the thin-layer approxima-
tion, it can be written as:

Fv Re. (C-43)

V|? 1
o835 gy 3@ U -te,

where
ou ov ow
¢ = Ei + Ei + Ef ¢, = %Xé_i + ya_z + Ezﬁ%?’ (C-44)

Implemented in a finiteelume approach, Equation (C-43) requires an approximation to
the volume at the cell inteace (1/J); , ,,,, Which is calculated byvaraging the neigh-

boring \alues.

When the system of equations is salwvith a full 5 by 5 block-tridiagonalversion
procedurei@liag = 0), the viscous Jacobians (left-hand-side implicit terms) are gatplo
only for the viscous terms in tie direction (corresponding with tHe index of the grid).

This is a hold-ger from the early days of the CFL3D code, when viscous terms were
employed in only one direction. Henceeép in mind that if thediag = O option is used
when viscous terms are included in eitherjtra i directions, the carergence may suf-

fer due to the lack of the appropriate left-hand-side terms. The missing left-hand-side
terms hae no efect oncorverged solutions, hwever.
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However, almost all runs with CFL3D empidlux-difference splitting with the diago-
nal left-hand-side optiondiag = 1), because flux-ddérence splitting is generally more
accurate for Nder-Stokes computations (seew Leer et &t), andidiag = 1 is signifi-
cantly less ¥pensve thanidiag = 0. For the diagonal method, a spectral radius scaling for
the viscous Jacobian matrices is used, similar to tivalajged by Coakle'# In this refer-
ence, the true left-hand-side viscous matrix term is replaced by the miatiherel is

the identity matrix,v = [,/ P, and . IS the lagest eigevalue of the one-dimen-
sional Naier-Stokes equationjl,,,, = max(41/3, yi/Pr). In CFL3D, nondimensional
Hmax IS talen as2(1+ ;) , wherey, is the nondimensional tukent eddy viscosity
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